Convergence with Limited Visibility by 
Asynchronous Mobile Robots 



Branislav Katreniak 

Department of Computer Science, Faculty of Mathematics, Physics and Informatics, 
Comenius University, Bratislava 
katreniak@dcs .fmph.uniba. sk 



Abstract. Consider a community of simple autonomous robots freely moving 
in the plane. The robots are decentralized, asynchronous, deterministic without 
the common coordination system, identities, direct communication, memory 
of the past, but with the ability to sense the positions of the other robots. 
This paper presents a distributed algorithm for the convergence problem with 
limited visibility in 1-bounded asynchrony. The presented algorithm also solves 
the convergence problem with unlimited visibility in full asynchrony without 
the need for the multiplicity detection. 



1 Introduction 

This paper deals with the study of the asynchronous distributed system of 
autonomous mobile robots called CORDA. The robots are anonymous, have 
no common knowledge, no common sense of the direction (e.g. compass), no 
central coordination and no means of direct communication. Behavior of these 
robots is quite simple. Each of them idles, observes, computes and moves in a 
cycle. In particular, each robot is capable of sensing the positions of the other 
robots with respect to its local coordination system, performing local computa- 
tions on the observed data and moving toward the computed destination. The 
movement may stop before robot gets to the destination or the robot may not 
move at all. The robots' cycles and their phases are not synchronized and they 
can take arbitrary long time bounded only by a constant unknown to the algo- 
rithm. Local computation is done according to a deterministic algorithm that 
takes the sensed robots positions as the only input and returns the destination 
point toward which the executing robot moves. All robots perform the same 
algorithm. 

The main research in this area is focused on understanding conditions neces- 
sary to complete given tasks, e.g. exploring the plane ([CP06]), forming partic- 
ular patterns ([FPSW08], [SY99b], [Kat05], [DP07]), converge to a single point 
([CP05]), gathering in a single point([CFPS03], [Pre05], [FPSW01], [Ka06]), 
flocking [YSDT09], etc. We are interested in algorithms with the correctness 
proof, not only justified by simulations. 

The simplest studied problem in this model is the convergence problem: the 
robots must converge together to any point on the plane. This problem was 
solved in [CP05] with unlimited visibility in the full asynchrony. Every robot 
chooses as its destination the center of gravity of all observed robots positions. 
This algorithm is simple and correct. But it requires the strong multiplicity 



detection: when more robots are at the same place, the robots sensors must tell 
how many robots share the place. 

We found an alternative algorithm for this problem that does not require 
the multiplicity detection: every robot finds the furthest observed robot and 
moves halfway toward it. This algorithm is also very simple and we prove its 
correctness in this paper. And it does not require the multiplicity detection. 

According to the CORDA model definition, our algorithm is better. It does 
not require the multiplicity detection. On the other side, we can argue that 
to implement the center of gravity algorithm, the sensors can be simpler and 
directly return the destination point. And it is possible to argue that our algo- 
rithm requires sensors to return only the position of the furthest robot. 

The main focus is on the convergence problem with limited visibility: the 
robots only see those other robots that are within a fixed distance and they 
must converge together to any point on the plane, provided that the visibility 
graph is initially connected. 

Paper [FPSW01] shows that the robots can converge with limited visibility 
in full asynchrony when they are equipped with the compass. Even more, they 
are able to gather at one point in finite time. 

The convergence problem with limited visibility is much more difficult with- 
out the compass. Paper [SY99a] provides an algorithm and proves its correctness 
in pseudosynchronous settings, where the observation phases of all robots are 
globally synchronized 1 . Every pair of mutually visible robots maintains the mu- 
tual visibility. They restrict their destination to be inside the circle with the 
center at their middle and with the radius equal to half of the visibility distance. 
In pseudosynchronous settings, both robots will be again within the visibility 
distance in the next observation phase. 

We aim to solve this problem with more asynchrony and we present an 
algorithm for the convergence problem with limited visibility in k-bound asyn- 
chrony with k — 1. Robots are asynchronous in that one robot may begin an 
activation cycle while another robot finishes one. We assume that the scheduler 
is fc-bounded: from the moment one robot observes the current situation to the 
moment it finishes its movement, no other robot performs more than k obser- 
vations. Compared to definition in [YSDT09] where the k-bounded asynchrony 
was introduced, the robots are allowed to spend an arbitrary long time in their 
idle phase. 

In this paper we prove, that the convergence problem with limited visibility 
is solvable in 1-bound asynchrony. In section 3 we present the restrictions on 
robots movements that ensure that the visibility graph stays connected. In 
section 4 we present an algorithm respecting these restrictions. In section 5 we 
prove that robots executing the proposed algorithm converge toward a point. 
In appendix we prove that the algorithm in [SY99a] is not correct in 1-bound 
asynchrony. 



The paper talks about asynchronous settings, but it provides only the simulation results. 



2 Model and definitions 

Each robot is viewed as a point in a plane equipped with sensors. It can observe 
the set of all points which are occupied by at least one other robot. Note that 
the robot only knows whether there are any other robots at a specific point, but 
it has no knowledge about their number (i.e. it cannot tell how many robots 
are at a given location). The local view of each robot consists of a local unit of 
length, an origin (w.l.o.g. the position of the robot in its current observation), 
an orientation of angles and the coordinates of the observed points. No kind 
of agreement on the unit of length, the origin and the orientation of angles is 
assumed among the robots. They are used only locally between observation, 
calculation and movement phases. 

A robot is initially in the waiting phase. Asynchronously and independently 
from the other robots, it observes the environment (Observe phase) by activat- 
ing its sensors. The sensors return a snapshot of the world, i.e. the set of all 
points occupied by at least one other robot, with respect to the local coordinate 
system. Then, based only on its local view of the world, the robot calculates 
its destination point (Compute phase) according to its deterministic algorithm 
(the same for all robots). After the computation the robot moves toward its 
destination point (Move phase); if the destination point is the current location, 
the robot stays on its place. The movement may stop before the robot reaches 
its destination (e.g. because of limits to the robot's motion energy). The robot 
then returns to the waiting state. The sequence Wait - Observe - Compute - 
Move forms a cycle of a robot. 

To ensure progress, the model provides progress condition: Every robot 
moves at least a fixed distance 9 once per a fixed number of cycles Q; con- 
stants 6 and Q are unknown for the algorithm. 

The robots are oblivious: they do not remember any previous observations 
nor computations performed in any previous cycles. 

The robots are anonymous: they are indistinguishable by their appearance, 
and they do not have any kind of identifiers that can be used during the com- 
putation. 

The robots have no means of direct communication: any communication 
occurs in a totally implicit manner by observing the other robots positions. 

The robot's sensors have limited visibility: robot observes only those other 
robots that are within a global fixed radius r. 

The robots don't know r, but they can compute its lower bound as the 
distance as the distance to the furthest observed robot. We set, w.l.o.g., the 
local unit 1r for robot R as the distance to the furthest observed robot in the 
last observation. 

The full activation cycle for any robot: the interval from the snapshot in 
the observation phase (included) to the next snapshot in the next observation 
phase (excluded). 

The scheduler is k-bounded: from the moment one robot observes the current 
situation to the moment it finishes its movement, no other robot performs more 
than k starts of the full activation cycles (snapshots). 



We say that two robots R\ and R2 are initially connected by the visibility 
edge, when the initial distance I-R1-R2I < t. The visibility graph is the graph of 
the visibility edges. 

Convergence problem with limited visibility: Find an algorithm for robots 
such that for any given group of robots in the plane with a the initial visibility 
graph being connected and any correct scheduler, the convex hull of all robots 
converges toward a point. 

In further text Oy{b) denotes closed neighborhood of point V: Oy{b) = 
{t>GlR 2 ;|Vt>| < b}. 

3 Connectivity Preservation with 1-bounded Asynchrony 

If the initial distance of two robots A, B is not more than the visibility distance 
r (i.e. robots see each other), we put between them a visibility edge. The prob- 
lem definition guarantees that the visibility graph is initially connected. If we 
preserve all visibility edges, the visibility graph stays connected indefinitely. 

Robots connected with the visibility edge have to restrict their movements 
in order to preserve their mutual visibility. We are looking for such restrictions 
on robots movements that preserve the local visibility edges and that allow 
robots to converge together globally. 

3.1 Connectivity Invariant 

We introduce the invariant: if two robots A, B are preserving the visibility, 
their destinations At, Bt must always be inside ^ radius from C = "^ . 

The invariant initially holds for all initial visibility edges: At = A, Bt = B 
and \AB\ < 1. If the invariant holds indefinitely for any initial edge, the visibility 
graph stays connected indefinitely. 

3.2 Invariant Preservation 

Idea from article [SY99bl. Let A, B be two robots at points Aq, Bq preserving 
the visibility. Let C = A °\ Ba , d = \A B \. Refer to Figure 1. W.l.o.g. we set 
the coordinate system to origin in C; C = [0, 0]. and the unit of distance to r; 
r = 1. Robots positions are Aq = [—5,0], Bq = [|,0]. 

When robot B observes robot A, robot B does not know the destination 
At of robot A. Robot B only knows from the invariant: 

\CA T \ < - 
1 i\ - 2 

A T = [tcos(7),tsin(7)];0 < t < -;0 < 7 < 2tt 

Robot A may finish its movement before it gets to At, but this case is 
covered by considering any At- Robot B chooses its target at some point Bt', 
Bt = [x, y] and starts the movement toward Bt- Robot B may finish its move- 
ment before it gets to Bt, but this case is covered by considering any Bt- 




Fig. 1. Connectivity invariant 



If robot A does no observation during the movement of robot B, robot A 
must be idling at end of the movement of robot B (1-bound asynchrony). If 
we restrict |C&r| < ^, both At and Bt are inside the circle at center C and 
radius 1. Thus, both robots are idling within the distance 1 and the invariant 
holds. 

If robot A observes robot B during the movement of robot B, it calcu- 
lates new destination based on this observation. We have to ensure, that the 
invariant holds at the moment of the observation. Because of the 1-bound 
asynchrony, robot A can perform the observation only once until robot B fin- 
ishes its movement to Bt- Refer to Figure 1. Robot A observes robot B at 
B' = Bq + ol{Bt — Bo); < a < 1. To prove the invariant preservation, we have 
to show that the invariant now holds from robot's A perspective: C\ = — ^ — , 
\C\B T \ < 1. 



B=[-,0}; B T = [x,y] 
0<a< 1; 0<d<l 

B' = [x',y'] = B + a(B T -B) 
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We are looking for a condition for Bt ensuring that the invariant holds for 
robot A at the moment of the observation. Let's fix B' to B = [x, y] and watch 
possible positions of C\ for different At- We want to find At with maximal 

| C\ Bt I • 



C\ 



A T + B' 



x t y t 

— + -cos(7),- + -sm(7) 



;0<£<-;0<7<2tt 



It means that points of C\ belong to circle with center -^ and radius j . How 



far can be point inside this circle from Bt^ It is \Bt 



b' 
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chooses such destination Bt that \Bt 
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Inequality 1 (calculated in appendix) together with inequality |C&r| < ^ are 
sufficient to preserve the invariant. We introduce two independent restrictions 
fulfilling the inequalities: move toward and move around. They provide two 
options how the robots can move in order to preserve the invariant. 

3.3 Move toward 

Theorem 1. Let robot B calculate its destination Bt; \ \ Bt\ < 4. The 

invariant is then preserved. 



Proof. Theorem 1 allows robot B to move to any point inside the circle over 
diameter CB. Refer to Figure 2(a). 




(a) Move toward (b) Move around (c) Combined move (d) Combined move 

Fig. 2. 



Inequality 2 expresses the circle over diameter CB. We need to prove that 
inequality 2 implies inequality 1. As both inequalities 2 and 1 specify a circle, 
we show that the first circle is inside the second one. As both centers are on 
the horizontal axis, it is sufficient to compare the leftmost and the rightmost 
points. Both comparisons easily hold. 
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3.4 Move around 

Theorem 2. Let robot B calculate its destination Bt; \BBt\ < I; I = — ^— • 
The invariant is then preserved. 

Proof. Theorem 2 allows robot B to move to any point inside the circle with 
center B and radius I (circle is passing — g ' ' ). Refer to Figure 2(b). 

Inequality 3 expresses the circle with center B and radius I. We need to prove 
that inequality 3 implies inequality 1. Both equations again specify circles with 
the centers on the horizontal axis. We compare the leftmost and the rightmost 
points. Both comparisons easily hold. 

:-^ 2 + y 2 <l 2 (3) 
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The calculation of Bt for move around uses the visibility radius r = 1 
unknown for the robot's algorithm. If robot B uses the distance to the furthest 
observed robot 1r instead of r = 1 for the calculation of I, the robot may be 
allowed to move less because 1r < 1, but the Theorem 2 holds. 

4 Algorithm 

When robot R observes other robots, it receives a set of robots positions 
{R\..Rn\ excluding R. 

Robot R cannot distinguish whether it maintains the visibility edge with 
particular robot Ri or not. We restrict robot's movements to maintain the 
visibility with all observed robots. Every robot Ri specifies the set of allowed 
target points Tj as the union of allowed targets in move toward and in move 
around. Refer to figures 2(c), 2(d). 

Let S be the global convex hull of all robots at the time of the observation. 
Let Sr be the convex hull of all robots observed by R including R; Sr = 
{Ri..R n }L)R. From the global point of view, robots inside S can move wherever 
they like, they just should not move toward the boundary of S. The robots at 
the boundary of S should move inside S. Robot R does not know the global S. 
But it knows the local subset Sr; Sr C S. We express the global goal as another 
set of allowed target points T$. Let T$ be the set of points that are not further 
than halfway toward the boundary of Sr: T s = {v G M. 2 ; (R + 2(v — R) )g Sr}. 

We have the list of sets with allowed target points and all of them must 
apply. Let T be their intersection: T = HILi ^i l~l T$. 

Robot R chooses as its destination Rt the point in T that is furthest from 
R. If more than one point apply, it chooses point with the smallest local angle. 
The robot simply moves that direction, where it is allowed to move furthest. 



4.1 Algorithm with Unlimited Visibility 

When the robots have the unlimited visibility, they don't need to maintain the 
visibility edges. They see each other all the time. The set of allowed target 
points T becomes Tg and the algorithm becomes simple: Robot R finds the 
furthest observed robot R m and moves halfway toward it: ^ m ■ 

5 Convergence 

We are going to prove that the constructed algorithm is correct and solves the 
convergence problem with limited visibility. We have to prove that the robots 
converge toward a point for any initial configuration and for any scheduler. 

The model is asynchronous. But with the fixed initial situation and with 
the fixed scheduler, the whole sequence of robot's activations, observations and 
movements is fixed. We are interested in those time instants, when one or more 
robots performed the observation snapshot. We mark the initial time as to and 
the times of the observations as t\, £2, • • • 

When a robot calculates its new destination, the result of the calculation 
is a pure function of the observed input. We hide the calculation's duration 
to the asynchrony of the movement phase and we say that the destination is 
calculated and applied immediately at the time of the observation. 

Let S(t) be the convex hull of all robots positions and of all robots desti- 
nations at time t. Let Sn(t) be the convex hull of robots positions observed by 
robot R at time t including robot R; Sji(t) C S(t). The value £r(£) is defined 
only when robot R performs an observation at time t. We are going to prove 
that S(t) converges toward a point. 

Theorem 3. Convex hull S(t) never grows: \/i; S(ti) 12 S^ti+i) 

Proof. Consider any robot at position R with destination Rj*. Because both 
points R and Rt are in S(t), also the whole line segment RRt is in S(t). 
The robot's movement cannot enlarge S(t). The new destination for robot R is 
calculated inside Sii(t); Sii(t) C S(t). □ 

Since convex hull S(t) never grows, it converges to some shape. 

Theorem 4. Convex hull S(t) converges uniformly toward a convex polygon S 
of at most 2n points. 

Proof. We know that S(t+ 1) C S(t) and that every convex hull S(t) is a closed 
convex shape. Then S = HSo S(t) is again a closed convex shape. 

Uniform convergence: Ve > 0; 3ti; W2 > h; Sfe) C S + e. By contradic- 
tion, let every S(t) contain point Wt S + e. Sequence wt is an infinite sequence 
of points bounded by an initial convex hull -5(0) and must contain an infinite 
subsequence of points converging toward a point w; w S + e. But Vt; w £ S(t); 
S(t) is closed; S(t + 1) C S(t), thus w £ S. Contradiction. 

5 is polygon of at most 2n points: Every S(t) is the convex hull of at most 2n 
points, thus it is a polygon of at most 2n points. We choose a point V inside S. 



We define function ft(a) as the distance from V to the intersection of S(t) with 
ray from V with angle a. Polygon S(t) of at most 2n points maps to polyline 
ft of at most 2n lines. As sequence S(t) is converging uniformly, sequence of 
ft is uniformly converging too. Thus ft converges uniformly to a polyline of at 
most 2n lines and also S is polygon of at most 2n lines. □ 

Consider an angle a; a < n based at a vertex V. Suppose that all robots 
are inside a and stay inside a forever. This corresponds to the situation at any 
vertex of any convex hull S{t). Consider a robot R "close" to the vertex V. The 
following theorem says that robot R moves "away" of V and stays "away" of 
V. Since the robot R has no idea about any global unit of distance, it measures 
the distances "close" and "away" in its local unit 1r set to the distance of the 
furthest observed robot. 

Theorem 5. Let all robot positions and destinations be inside an angle at ver- 
tex V of size a; a < ir. We find value c; < c < ^ such that no robot R ever 
chooses its destination inside Ov(c1r) 



1r, i.e. the distance to 



Proof. We set the unit of distance for this proof to 1 
the furthest robot observed by R. 

Let e = ^cos^. Suppose that robot R is inside Oy(e) (i.e. \VR\ < e), 
it performs an observation and calculates the destination Rj~. We analyze the 
lower bound for \RRt\- 

Let p be the ray starting at R and parallel with axis of a. Refer to Figure 
3(a). We analyze how far robot R can move in direction p. 




(a) (b) 

Fig. 3. Setup in Theorem 5 



Let Ri be any robot observed by R. 

If |V\Ri| < \, then \RR t \ < \VRi\ + |Vi2| < \ + e < \. Robot Ri allows 
robot R to move around in direction p at least |. 



If \VRi\ > \, then \RRi\ > \VRi\ - \VR\ > \ - e > \. Let A be the angle 
between p and RRi. Robot Ri allows R to move toward in direction p at 
^\RRi\ cos /3{ > j2 



least \\RRi\ cos (3i > i cos /3j 



Let /?; /3 < | (calculated in appendix) be an upper bound for any Pi; Pi < P 

and also for ^; ^ < /3. Robot Ri allows robot R to move in direction p either 

g or Yjcos/?,. We mark this allowed distance as ff, fi = min(^, ^ cos Pi) = 

j2 cos Pi > J2 cos P — 24 cos ^" ^ e mar k the lower bound for fi as /; / = 

m cos /3. Any observed robot allows robot R to move in the direction p at least 



the distance /. Note that f = -h cos P < <5i cos § — e - 
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If the restriction to move only halfway toward the local convex hull 5r(£) 
allows R to move in the direction p at least the distance /, we have the lower 
for \RR T \; \RRt\ > /• 

Otherwise refer to Figure 3(b). Let R m be a robot at distance 1. W.l.o.g, let 
R m be bellow the axis of a. Construct line q perpendicular to the axis of a at 
distance 3e from V. Construct line pq parallel to the axis of a at distance esin ^ 
(upper bound for p). Because the restriction to move only halfway toward the 
local convex hull Sft(t) applies, the points at p further than 2/ from R are not 
in Sji(t). Thus there is no robot at both sides of p further than 2/ < 2e. Thus 
there is no robot behind q on the upper side of po (figure's gray area). Let p' 
be the ray from R to R m . We analyze how far R can move in direction p' . 

Let Ri be any robot observed by R. 

— If |V\Ri| < \, then \RR t \ < \VRi\ + |Vi2| < \ + e < \. Robot R % allows 
robot R to move around in direction p' at least g. 

— If \VRi\ > \, then \RR { \ > \VRi\ - \VR\ > \ - e > \. Let $ be the angle 
between p' and RRi. Robot Ri allows R to move toward in direction p' at 
least 7; | RRi \ cos P[ > ^cos/3^. 

The angle P is again an upper bound for any P[; P[ < p. Thus, any observed 
robot allows robot R to move in the direction p' again at least the distance /. 
The convex hull restriction does not apply in the direction p' , because there is 
robot R m on ray p at distance 1. 

We proved that when \VR\ < e, then robot's R destination is at least at the 
distance /. We set the value c asked in the theorem to c = \f cos t|. Note that 
c<{</<e. 

— If \VR\ < c, robot chooses its destination outside of Ov(f — c) 2 CV(/(1 — 
\ cos f )) D V ( 3 -l) D Oyi^j^) D Oy{c). 

— If \VR\ < ^, R moves at least / and its destination will be outside Ov(^) D 
O v (c). 

— If \VR\ > If, R moves at most |Vi?| toward V and its destination cannot be 



inside O v {{) D O v {c) 



D 



From the Theorem 4 we know that S is a convex polyline of at most 2n 
lines. For every e > exists such t that S C S(t) CS + e. Consider any vertex 
A of S with an angle a and with an axis p. Angle a is an angle in the convex 



hull, thus a < it. Refer to Figure 4. Construct line q perpendicular to p at A. 
Points on the convex hull's side of q are before q, points on the other side of q 
are behind q. 

Theorem 6. For every b > exists e; < £ < -rj such that if any robot R\ 
observes robot i?2 Oa(P), R\ chooses its destination before q. 

Proof. Consider an upper bound E\ for e; e < £\ = j^. If R\ behind q observes 
#2 0,4(6); lR! > \RiR2\ >b-e>^. Refer to Figure 4. We use Theorem 
5 with vertex V on p behind q at distance \VA\ = . , £ ,„-, , bounding angle 
parallel to a, robot R = R\. We get c. 



Fig. 4. Setup in Theorem 7 

Let e = min(ccos § sin §,£1); £ < £1; e < ccos § sin ^. If robot R\ is behind 

?' |W*i| < £^f2) = cos( a /2fsin(a/2) < c, #1 e 0y(c). From Theorem 5 we get 
that robot Ri chooses its destination outside of Oy{c) and before q. D 

Now we are ready to prove the final Theorem. 

Theorem 7. Convex hull S(t) converges toward point. 

Proof. By contradiction. Suppose that S(t) converges toward a shape 5 that 
is not a point. We are going to find such £ that all robots with destinations 
behind q move before q in finite time. This will be the contradiction with the 
assumption that robots converge toward non-point S. 

Consider an upper bound 61 for b; < b < b\ = ^5- We use Theorem 
6 with declared b and get e; e < ^ — 144- We let the robots execute till 
ScS(t)cS + e. 

Refer to Figure 4. While a robot R\ behind q observes a robot R2 0a(&), 
i?i moves before g in finite time and stays before q. 

If a robot R\ behind q does not observe a robot i?2 0^(6), there is no 
robot in 0^ 1 (1) and thus no robot in C^(l — e). We know that the visibility 
graph is connected. Either all robots are in O^ib) or there must be a robot R3 
in Oa{o) that preserves mutual visibility with a robot R4 Oa(1 — e)- 



Suppose the existence of R4 0^(1 — e). Robot i?3 sees R4, 1r 3 > 1 — b—e > 
j^. We use Theorem 5 with robot R = R3, V and a as in Theorem 6, we get c. 
Let d s be the diameter of S. Let b = min(^, ^-, bi); b < ^-; b < b\. 

If robot i?4 stays out of '^(1 — e), robot -R3 moves in finite time (progress 
condition) out of 0a (fr) and stays there. Robot R3 observed all robots behind 
q and maintains with them visibility. Robots behind q see R3 0^(6), move 
before q in finite time (progress condition) and stay there. 

If robot -R4 ever moves into 0^(1 — e), it observes robots behind q and 
maintains with them visibility. 

If robot i?4 stays out of O^ib), robots behind q see R4 0^(6), move before 
q (progress condition) in finite time and stay there. 

If robot -R4 ever moves into 0a(&), we have at least one more robot in 0^(6). 
We repeat this proof again from the point where R± behind q observes or does 
not observe some robot out of 0^(6). Either all robots behind q get and stay 
before q or all robots get into Oa{P). But all robots cannot be in 0^(6), it is 
contradiction with b < -y-. □ 

The convergence proof never uses restrictions imposed by the A;-bound sched- 
uler. It uses only the progress condition present also in the basic asynchronous 
model. 



6 Conclusions and open questions 

We proposed an algorithm for the convergence problem with limited visibility 
and we proved that it is correct when the asynchrony is limited to 1. Compared 
to algorithm in [SY99a], our algorithm works in more asynchronous model. 

We concluded that the proposed algorithm solves the convergence problem 
also in asynchronous settings with unlimited visibility with no need for the 
multiplicity detection. Compared to the algorithm in [CP05], our algorithm 
does not require the multiplicity detection. 

The convergence problem with limited visibility is open with asynchrony 
limited to a general constant a and in asynchronous settings. 
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A Algorithm in [SY99a] does not work in 1-bound asynchrony 

Paper [SY99a] provides simulation results for asynchronous model. The cor- 
rectness proof is done when: The time duration needed to complete a phase 
is negligibly small. We are going to prove that the algorithm presented in this 
paper does not work in 1-bound asynchrony. 

Every pair of mutually visible robots maintains the mutual visibility. To 
preserve the visibility, robots restrict their destination to be inside the circle 
with the center at their middle and with the radius equal to half of the visibility 
distance. In pseudosynchronous settings, both robots will be again within the 
visibility distance in the next observation phase. This does not apply in 1-bound 
asynchrony. 

Algorithm: Robots choose as their destination the center of the smallest 
enclosed circle of all observed robots. But they move only such a distance that 
they satisfy the visibility maintaining restriction. 

We present scheduling for the algorithm proving that the algorithm is not 
correct in 1-bound asynchrony. Refer to Figure 5. The unit of distance is set 
to be equal to the visibility distance. In the initial configuration, all robots are 
in ID space on the horizontal axis as the positions: A = —0.25, B = 0.25, 
C = —1.25, D = 1.25, E = —2.25. Scheduler activation sequence: 

— A at -0.25 observes and sets target to — ^ = —0.5 

— B at -0.25 observes and sets target to ^ = 0.5 

— A moves to -0.4 and is paused 

— C at -1.25 observes and sets target to — ^— = —1.325 

— C moves to -1.325 

— A finishes its movement to -0.5 
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Fig. 5. Connectivity is broken 



— A at -0.5 observes and sets target to ^ = —0.5375 

— B moves to 0.5, A moves to -0.5375 

Robots D and E are either idling or their movement is scheduled to be negligibly 
small. At the end, robot A and robot B broke their mutual visibility. 



B Calculation of equation 1 
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C Calculation of (3 in theorem 5 
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3 = arctan — = 

' 1 a o 
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We have to prove that 8 < \. We show that value in arctan is positive. 
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We also have to prove that (3 > % 
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